We present a research of the time evolution of the redshift of light received from the binary star that moves in the external gravitational field of Kerr black hole. We formulate a method for the solution of inverse problem: calculating of the parameters of relative motion of stars in binary system using the redshift data. The considered formalism has no restrictions on the character of the motion of the center of mass of a compact binary star and can be applied even in the case of binary motion close to the event horizon of a supermassive black hole. The efficiency of the method is illustrated on a numerical model with plausible parameters for the binary systems and for the supermassive black hole, which is located in the center of our Galaxy. *
I. INTRODUCTION
In recent years the problem of calculating of radiation characteristics of a source that moves in external gravitation field of Schwarzschild or Kerr black hole is considered in many papers (see, e. g., [1] [2] [3] [4] [5] [6] ). On the one hand it provides possibilities for studying our Universe. On the other hand these researches can be useful for future tests of different theories of gravity.
One of the interesting results that are provided by such studies is the possibility of solution of inverse problem: unique determination of parameters of the source, its motion and external gravitational field using the data from received electromagnetic radiation. Moreover, underlying mathematical models that are used in the works [1] [2] [3] [4] [5] [6] enable to investigate the effects of strong gravitational field on the motion of the source and propagation of its radiation. The inverse problem for the source moving in the equatorial plane of a Kerr black hole was solved in [7] using the redshift of the source only. The case of more general motion of the source in gravitational field of non rotating supermassive black hole is considered in [3] , but in the cited paper the redshift data as well as the radiation intensity both are used for the solution of inverse problem.
In the present paper we study the redshift of light that is emitted by a binary star moving in the external gravitational field of Kerr black hole. Unlike other radiation characteristics, the redshift of spectral lines of a star can be measured with a very hight accuracy (see, e. g., [8] ) that gives possibility to study general relativistic effects in the motion of certain currently observed stars (see, e. g., [2] ). In the previous paper of the authors [9] it was shown that the problem of calculating of the redshift of light received from compact binary star system mathematically can be considered as two independent problems. They are correspond to the motion of the center of mass of the system and to the relative motion of its components.
Due to the first problem is widely studied in literature (see, e. g., [1, 7] ), we focus only on the case of the determination of the parameters of relative motion when the motion of the center of mass and the parameters of external Kerr gravitational field are known.
It is necessary to take into account the influence of strong gravitational field not only on the motion of the source but also on the worldline of emitted light. All these effects can be important for testing theories of gravity. Due to this we safe full general relativistic treatment for the consideration of light propagation in space-time (in geometrical optics approximation) and for the motion of the stars. The considered method have no restrictions on the motion of the binary as a whole. The trajectory of the motion can be even close to event horizon of a supermassive black hole and velocity of the center of mass of the binary can be relativistic or ultrarelativistic. We will consider the redshift in a linear approximation relative to v and ρ, where v is the velocity of the components of the binary star relative to each other (in the co-moving reference frame) and ρ is the distance between the two stars.
We will show that with the additional assumption when the mass of the emitted source is known, it is possible to calculate all the parameters of relative motion of the stars with certain accuracy.
The problem that is considered in the present paper can be interesting for the purpose of studying of compact binary stars moving in the vicinity of the Galactic Center supermassive black hole (see, e. g., [2, 8, [10] [11] [12] ).
II. MATHEMATICAL MODEL OF THE SOURCE IN BINARY STAR THAT

MOVES IN EXTERNAL GRAVITATIONAL FIELD OF KERR BLACK HOLE
Consider a binary star that freely moves in external gravitational field of a black hole.
Let one of the components of the binary be a source of electromagnetic radiation, that can be received by the observer on Earth. The system satisfies the following conditions (see earlier work of the authors for more detailed description of the system [9] ):
1. Mean distance between the stars is much greater than their own sizes which means that we can consider them being mass-points. Thus, we neglect also the effect of the proper rotation of the stars on their motion.
2.
Motion of the stars relative to each other is non-relativistic, because the energy of their gravitational interaction with each other is much less than the rest energy.
3. The scale of inhomogeneity of external field is greater than the size of the system.
In [9] was shown that in the framework of formulated conditions, the motion of the center of mass of the binary satisfies Mathisson-Papapetrou equations. As a rule, for real binary star interaction of its proper angular momentum with the curvature of space-time is very small and motion of the binary can be considered as geodesic with good accuracy. In order to describe the relative motion of the stars it is convenient to use the co-moving Fermi coordinates of the observer who can be placed in the center of mass of the system [13] [14] [15] . Consider world line x i = ξ i (τ ) of this observer, where τ is the proper time of his.
Along ξ i (τ ) we define co-moving tetrad (vierbein) h (m) i :
where u i = dξ i /dτ is 4-velocity of the observer, η (m)(n) = diag(1, 1, 1, −1), c is the speed of light. Any point in the vicinity of worldline ξ i (τ ) can be given coordinates {xˆi}[? ] in the following way (see Fig. 1 ). At first, we construct a spacelike geodesic hypersurface, that is orthogonal to worldline ξ i (τ ) at the point O which belongs to ξ i (τ ). All points on this hypersurface have a coordinate x4 = cτ . Then we find a geodesic line, which goes through O and any point P lying in the hypersurface. At the point O we construct a tangent vector to the geodesic. Finally, we assign to P three coordinates X (α) = σ P h (α) i η i , where σ P is the canonical parameter of the geodesic, evaluated at the point P .
The equation of the relative motion of the components of the binary in co-moving Fermi coordinates for with ξ i (τ ) coincides with the worldline of the center of mass of the binary has the following form [9] :
Here m 1,2 are the masses of the components of the binary, X
1,2 are Fermi coordinates of the components of the binary with respect to its center of mass and v α 1,2 are their velocities,
are Fermi coordinates of the relative position of the components. ω (α) is the angular velocity of the tetrad:
Also the following abbreviation is introduced:
is the Livi-Chevita symbol, tetrad components of the curvature tensor R ijkl can be calculated as
In the geometrical optics approximation (see, e. g., [16] ) the radiation of the star propagates along an isotropic geodesic. The tangent vector k i to this geodesic is the wave vector of the light and it satisfies the following relations k i k i = 0, k i;j k j = 0. Consider the external gravitational field with time like Killing vector field µ i (on spatial infinity µ j µ j = −1). The redshift z of light that is received by stationary observer ((u i ) o = cµ i , where (u i ) o is the velocity of the observer) can be found from (see, e. g., [5] )
Here λ is the wavelength of the emitted light, δλ is the difference between the wavelengths of the received and the emitted light. (u i ) s is the 4-velocity of the source, (k i ) s is the wave vector of light in the point of emission and ω 0 = ck i µ i (see, e. g., [9] ). For the source in a binary system the following relation holds (see [9] ):
where z 0 (τ ) is the redshift of light of the imagine source that is located in the center of mass of the binary, τ is the proper time of the center of mass of the binary,
is the normalised 3-wave vector of the light ray in the point of radiation. All the functions of time in (4) must be calculated on the space-like hypersurfaces τ = const that are orthogonal to geodesic (u i ) s (τ ) for all τ . In order to obtain the redshift as a function of time of observation, it is necessary to express the proper time (4) in terms of time of observation t:
Inversion of formula (5) gives the function z(τ (t)) = z(t).
The supermassive black hole in the center of our Galaxy must not have physically relevant value of the electric charge. Due to this the most general metric that describes gravitational field of the supermassive black hole is the Kerr metric. In the present work we focus on this case of external gravitational field. An example of redshift for a binary star in external Kerr field that has been calculated for certain model parameters satisfying assumptions about the system 1-3 is presented on Fig. 2, 3 . In the calculation of analytical expressions for isotropic geodesics in this example the linear approximation in Kerr parameter a/M is used (see [17] ),
where a is the angular momentum of the black hole, M its mass in geometrical units. We
Order of this value corresponds to the data for mass of supermassive black hole in the Galactic Center (see, e. g., [8, 10, 11] ). 
III. INVERSE PROBLEM
The solutions of the problem of determination of the redshift as a function of time of observation for extended object in external gravitational field was described in the previous section. In the present section we consider a problem of determination of the parameters of binary system that moves in external gravitational field using the redshift of light, that is emitted by a star in binary, as a function of time of observation. We will refer to the last problem as the inverse problem.
A. Decomposition of redshift
The observed redshift z(t) depends on the large number of parameters which determine the trajectory of motion of the center of mass of the system and the trajectory of the relative motion of the components and its masses. Due to this it seems not possible to obtain simple formulas for the unique exact solution of the inverse problem. One can expect obtain only approximate expressions. We propose rather more simple approach that gives possibilities to obtain parameters of motion of binary star with fixed accuracy. Moreover the present method can be generalized in order to obtain more high accuracy. In order to simplify the inverse problem it is possible to split the whole redshift z(t) into two parts: the redshift for the center of mass z 0 (t) and the redshift for the relative motion of the components of the system z r (t). This can be performed in the following way.
Assume that from the observation only the function z(t) is known. It consists of two parts:
slowly changing z 0 (t) and quickly oscillating part z r (t) = d(n (α) X (α) 1 )/(cdτ ). Consider an empiric function f (t) ≈ z 0 (t) + 1. From (4) follows:
In the approximation in which terms O (̺ 2 /M 2 , v 2 /c 2 ) can be neglected, equations of relative motion (2) formally coincide with the Newtonian equations for the binary in rotating coordinate frame. The accuracy of the solution for this approximation has the order of cτ · O (̺ 2 /M 2 , v 2 /c 2 ) (that follows from the equations of relative motion (2)), that in fact coincides with accuracy of the relation (6) . Due to this we will use this approximation for description trajectory of the relative motion of stars in Fermi coordinates.
Furthermore the expression for the part of redshift that is determined by relative motion z r is formally coincide with the redshift in Newtonian mechanics. It is known from the expression for Newtonian redshift (see, e. g., [18] ) that the points for with n (α) X 1(α) = 0 are extremums of function z r (τ ). This is true in our case if we neglect the derivative of unit 3-wave vector of emitted light with respect to non rotating Fermi frame:
where B (α) ∼ 1/T 0 is small quantity. Here we introduce T 0 as characteristic time of changing of function z 0 . For certainty it can be calculated as proper period of radial coordinate of motion of the center of mass r(τ ). Then we can chose times T 2 and T 1 such that they are coincide with certain extremum of z(t) (minimum for certainty) and T 2 − T 1 = nT . Here T is the period of corresponding Newtonian motion and n is a natural number. With sufficient accuracy T can be found from the function z(τ ). Then
Chose n = 1, t q = t(T 1 + qT ) and from (6), (8) obtain the system of N + 1 equations:
In order to determine the function f (t) in the unique way it is necessary to define additional properties of this function. Chose it as continuous function that is linear on the each interval (t q , t q+1 ). From (9) obtain
The solution of (10) has the form
where a q can be found as a solution of the following recursive equation:
It follows from the equations (11) and (12) that the function f (t) has one undetermined parameter a 0 . It can be found from the additional assumption. It is known that function z 0 (t) slowly changes with time. Due to this we will find such parameter a 0 that function f (t)
is maximally smooth in some sense. We minimised the sum
(a q+1 − a q ) 2 numerically. In order to find the initial value for the estimation of a 0 , consider an approximate solution of (12)
a q has the sense of time derivative of z 0 (t) and has the order of 1/T 0 . Then we have a q T ∼ T /T 0 -is a small parameter. The concrete value of T /T 0 can be found directly from the function z(τ ). This is convenient for the determination of the exact value of the approximation. It is follows from (13) that the graphics of functions a q (a 0 ) approximately represent two sets of straight lines with inclination angles π/4 and −π/4 respectively. Graphic of a 0 (a 0 ) intersect graphic of a 1 (a 0 ) near the value of a 0 :
Due to this the true value of a 0 must approximately coincide with (14) . More exact value of a 0 can be obtained by analysing sequence of a q . Numerical results for calculating a q are presented in Fig. 4 . We calculate parameters of the function f (12) with the parameter a 0 = −0, 00132. This close to (14) .
B. Inverse problem for the relative motion of the components
After the application of methods that are described in Section III A two functions are known:
Function z 0 (t) is determined only by the parameters of motion of the center of mass (in the approximation when ct·O(v 2 /c 2 , ρ 2 /M 2 ) can be neglected). The problem of the extracting of mentioned parameters from the function z 0 (t) is analogous to the problem of the extracting parameters of motion of a single source in external gravitational field. Some authors have proposed methods for the solution of such problem (see, e. g., [7] , [1] ). In the present work we consider only the inverse problem for the relative motion that is determined by function z r (t). We assume that the parameters of motion of the center of mass of the system are known. Because of this n (α) and ω (α) are definite functions of proper time.
Consider the case when radiation from only one component (with mass m 1 ) of the binary system can be received by the observer on Earth. In order to use formulas (2) and (4) standard relations [13] [14] [15] . Numerical calculations in the present work are performed for the following Fermi tetrad in external Kerr gravitational field (due to the complexity of the expressions (16) , (17), here we use the system of units for with M = c = 1):
where the following abbreviations are introduced: Fig. 6 illustrates the meaning of the defined below parameters of the orbit of relative motion. Here we consider 3-dimensional space that is orthogonal to h i (4) . Denote the following abbreviations for the parameters of the orbit relative to the picture plane -2-dimensional plane that is orthogonal to vector n (α) : -i ∈ [0, π] -orbital inclination is the angle between the picture plane and the plane of the orbit;
-ω r ∈ [0, π] -pericenter longitude, counted along the orbital plane;
-ζ ∈ [0. 2π] -position angle, counted along the picture plane.
Period of the relative motion of the components can be found with very good accuracy by considering the function (1 + z(τ ))/f (t(τ )) that is approximately periodic: 
Using the Lemann-Files method (see, e. g.
[18]), obtain:
Here e is the eccentricity of the orbit. In the Newtonian limit it is possible to find only one more parameter of motion -mass function M 2 :
The presence of external gravitational field decrees the symmetry of the system relative to the considered approximation (Newtonian motion in the flat space-time). Due to this it is possible to anticipate that the addition parameters can be found as a result of more detailed investigation of the inverse problem for the relative motion.
In the 3-dimensional hypersurface that is orthogonal to h i (4) define the unit vector a (α) that is orthogonal to the plane of the orbit of the relative motion and the vector b (α) that is parallel to the main axis of the orbit and has direction from the center of mass to the orbit pericenter. Consider the relative motion on the time scale more than T but comparable to T 0 . Orbit of relative motion rotates with angular velocity ω (α) . Then obtain the following
Here dot denotes derivative with respect to proper time. It can be approximately expressed from residuals. For exampleċ
The values for ω r are found with periodicity T from Lemann-Files method and sin i can be expressed as sin i = M 2 /W, where W is a constant of motion:
From (21) follows the following bisquare equation for W :
Here B (α) defined by (7) . It must be calculated at arbitrary time τ that is belong to It is possible to find also orbital inclination:
In the considered approximation the problem is symmetric under the direction of rotation.
Due to this it is possible to obtain only sin i not i. This is equivalent to the consideration only the interval i ∈ [0, π/2].
In order to determine the position angle ζ it is necessary to determine the direction h in picture plane for the measurement of the angle ζ from this direction (see Fig. 6 ). It is convenient to choose this direction as h (α) = e (α)(β)(γ) n (β) h 1(γ) . Then the 3 dimension vector h has the sense of orthogonal to both ray vector n (α) and the azimuthal direction of rotating black hole. We obtain:
Due to the symmetry relative to the direction of h it is possible to determine only the sinus of position angle (26). For the unique solution we assume ζ ∈ [−π, π]. As a result the influence of external gravitational field in the described approximation gives possibility to determine two more parameters of relative motion with respect to absence of the external gravitational field. Furthermore astrophysical model of the considered source of radiation can give possibility to determine its mass m 1 . The other case when the redshift of both stars components can be measured, then it is possible to determine the relation m 1 /m 2 . In both cases the masses of the stars can be found using in addition the definition of W (23). The results of calculating of parameters for an example of the described model are presented in Table I .
velocity of the center of mass relative to distant observer. In this paper the possibility of application of the method is shown for the case of external gravitational field of Kerr black hole. But the method without difficulties can be generalised for the cases of other strong external gravitational fields.
For the solution of direct problem (calculation of redshift of light that is emitted by the star in binary) the more accurate formulas have been used than in the case of inverse problem. The main approximation is the consideration of the picture plane of relative motion of the stars as covariantly constant on time internal of ∼ T (this is true in good approximation if the black hole is sufficiently massive). Due to this the reconstruction of parameters of relative motion is performed with certain errors (see Table I Due to the simple relation between the redshift and the duration of time of arrival of pulses of pulsar (see, e. g., [5] ), the method described in the present paper can be applied not only to studying the redshift of registered spectral lines of the star, but also for analysing pulsar timing data in the case of the motion of a binary pulsar in a strong external gravitational field.
